We propose a new phenomenological framework for three classes of Kondo lattice materials that incorporates the interplay between the fluctuations associated with the antiferromagnetic quantum critical point and those produced by the hybridization quantum critical point that marks the end of local moment behavior. We show that these fluctuations give rise to two distinct regions of quantum critical scaling: hybridization fluctuations are responsible for the logarithmic scaling in the density of states of the heavy electron Kondo liquid that emerges below the coherence temperature T * ; while the unconventional power law scaling in the resistivity that emerges at lower temperatures below T QC may reflect the combined effects of hybridization and antiferromagnetic quantum critical fluctuations. Our framework is supported by experimental measurements on CeCoIn 5 , CeRhIn 5 and other heavy electron materials.
H
eavy electron materials stand out in the correlated electron family because of the extraordinary variety of quantum mysteries these present. In addition to exhibiting two ordered states at low temperatures, antiferromagnetism and superconductivity, that can coexist, essentially nothing about their higher temperature normal state behavior is what one finds in "normal" materials. Not only does the interaction between a lattice of localized f electron magnetic moments and background conduction electrons give rise to the emergence, at a temperature T * (often called the coherence temperature), of heavy electrons with masses that can become comparable to that of a muon, every other aspect of their normal state behavior produced by that interaction is anomalous.
Experiments on the best studied heavy electron material, CeRhIn5, show that as the temperature and pressure are varied, some five different temperature scales, all well below the crystal field energy levels, are needed to characterize the normal state anomalies depicted in Fig. 1 (1-4): • a nuclear magnetic Knight shift that does not follow the measured spin susceptibility below T * .
• a lower limit, TQC , on the ln T universal behavior of the heavy electron density of states that begins at T * .
• a maximum in the magnetic resistivity at T max ρ .
• a lower limit, T0 or TX depending on the pressure range in which it is studied, on the power law scaling behavior in the resistivity that begins at a temperature, TQC . It is widely believed that the source of these anomalies, and similar ones found in other heavy electron materials, are fluctuations associated with quantum critical points that mark transition between distinct phases of matter at T = 0. Although there exist microscopic theories of aspects of this quantum critical behavior [the Hertz-Millis-Moriya model for the spin fluctuation spectrum near an antiferromagnetic quantum marks the temperature of the resistivity peak (2); T * is determined from the resistivity peak (above 1.5 GPa) and the onset of the Hall and Knight shift anomalies (3); T QC is the upper boundary of the power law scaling in the resistivity (above 1.5 GPa) (2) and the breakdown of the Knight shift scaling (4); T0 is the lower boundary of the power law scaling in the resistivity (below 2 GPa) (2), the peak in the Hall coefficient, a pseudo-gap like feature in the spin-lattice relaxation rate, and, at ambient pressure, the onset of antiferromagnetic spin fluctuations seen in neutron scattering experiments (3); T X marks the lower boundary of the power law scaling in the resistivity (above 2.5 GPa); T F L is determined from the Fermi liquid behavior in the resistivity; T N and Tc are the antiferromagnetic and superconducting transition temperatures, respectively (2) .
critical point (AF QCP) (5-7), the Abrahams-Wölfle model of
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Quantum critical materials contain quantum critical points (QCP) associated with continuous phase transitions between ordered states at zero temperature that give rise to strong quantum fluctuations of order parameter fields. Their coupling to conduction electrons in metals typically yields logarithmic or power law scaling in their electronic properties. Here we study a particularly interesting class of quantum critical materials, Kondo lattice materials, composed of interacting local moments and conduction electrons. We propose a phenomenological framework based on the interplay of the fluctuations associated with their antiferromagnetic and delocalization QCPs and show that it explains the many anomalous scaling properties measured in these materials.
critical quasiparticles at very low temperatures for materials that are very near an AF QCP (8) ; the work of Coleman, Pepin, Senthil, and Si et al. on new critical excitations beyond the basic order parameter fluctuations (9) (10) (11) (12) ; and that of Lonzarich et al. suggesting a path forward for an improved microscopic approach to understanding the emergence of heavy electrons in Kondo lattice materials (13) ], these do not explain all the above anomalies, not least because there is at present no microscopic theory of the behavior of the three components (light conduction electrons, heavy electrons, and local moments that have partially hybridized), that exist over much of the phase diagram.
We therefore turn to phenomenology in our search for an understanding of the wide range of anomalous behavior and the temperature scales over which it is found. In what follows we show that a careful analysis of the phase diagrams expected from the presence of two competing quantum critical points, one associated with the end of antiferromagnetism, the other with the hybridization-induced end of local moment behavior, together with the phenomenological two-fluid model of that hybridization [for a review see Ref. (1)], provides a framework that enables us to arrive at a more complete physical understanding of the anomalous normal state behavior of CeRhIn5, and a number of other well-studied heavy electron materials.
QCPs and their expected scaling signatures
In the CeMIn5 (M=Co, Rh, Ir) and similar Kondo lattice materials, we have argued that "collective" hybridization of the local moments against the background conduction electrons begins at the coherence temperature, T * , and is complete along a line of temperatures, TL (1): above TL we expect to find both local moments whose strength has been reduced by hybridization that can order antiferromagnetically and itinerant heavy electrons that can become superconducting; well below it we will find only heavy electrons that may superconduct. Absent superconductivity, we would then expect to find two distinct quantum critical points: an AF QCP that marks the T = 0 end of local moment antiferromagnetic behavior and a hybridization quantum critical point (HY QCP) that marks the T = 0 completion of collective hybridization of local moments. These QCPs can produce quantum critical local moment spin fluctuations and quantum critical heavy electron spin or charge fluctuations, and a key question is the extent to which these QCPs and the scaling behaviors to which they give rise, can be distinguished and identified experimentally.
Quite generally we may expect to find the three classes of heavy electron antiferromagnetic materials shown in Fig. 2  (14, 15) . Class I materials are those in which the AF and HY QCPs appear to be identical within experimental error. Class II are those in which the HY QCP lies well within the antiferromagnetic phase; in this case, the AF QCP becomes an itinerant AF QCP associated with the magnetic instability of the itinerant heavy electrons. Class III are those in which that HY QCP lies well outside the antiferromagnetic phase; between the two QCPs there will then be a region in which a nonmagnetic non-Landau heavy electron liquid coexists with incoherent local moments.
We follow Lonzarich et al. (13) in making the assumption that in all three classes we are dealing with two order parameters (and their associated quantum critical points and fluctuations): an HY order parameter describing the build up of the emergent heavy electrons and the more familiar AF order parameter describing the build up of local moment AF order. The magnetic and hybridization quantum critical fluctuations will often not behave independently. For example, we shall see that hybridization can be suppressed and reversed at low temperatures by local moment AF order, causing relocalization of heavy electrons and a corresponding decrease in the hybridization order parameter (16) . This relocalization takes place at a temperature slightly above the Néel temperature, possibly associated with thermal fluctuations of the AF order parameter. Still another possibility is that the coupling between the magnetic and hybridization quantum critical fluctuations gives rise to unconventional quantum critical scaling in their overlap regime at finite temperatures (17) (18) (19) . Moreover, the magnetic quantum critical fluctuations may also penetrate into the region where all f electrons become itinerant, causing a change in the characteristics of the quantum critical scaling from an unconventional type to an itinerant spin density wave (SDW) type. The latter is clearly seen in Class II materials, but may well exist in Class I materials, while in Class III materials, one may expect changes of the scaling exponent when approaching the two separated QCPs with lowering temperature.
In making the plots of the impact of the HY quantum critical fluctuations shown in Fig. 2 , we are making a key assumption about the origins of two parts of the scaling behavior seen in heavy electron liquid that have led it to be called a Kondo liquid (KL): universal scaling behavior, characterized by the energy scale, T * , of the effective order parameter f (T ) that measures its strength (see Eq. 2); and the scaling with ln T of the intrinsic KL state density seen in uniform magnetic susceptibility and specific heat experiments (20, 21) . A central thesis of the present paper is that these two parts represent distinct scaling phenomena of distinguishable physical origins.
As first shown by Yang et al. (22) , T * is determined by the nearest-neighbor coupling between local moments in the Kondo lattice. Their interaction produces collective hybridization below T * that is quite different from the single-ion Kondo hybridization (screening) found for isolated magnetic moments. In the present paper we argue that the ln T scaling behavior seen in the KL state density is brought about by the HY QCP fluctuations (and/or their associated gauge fluctuations) whose influence is cut off above T * . Our main focus in this paper will be on Class I materials; materials belonging to the other two classes are discussed only briefly. It is in fact possible that in Class I materials the localization and magnetic QCPs are never exactly identical, since the combined effects of the HY and AF quantum critical fluctuations may act to move the AF and HY QCPs to opposite directions, reflecting the way in which hybridization fluctuations interfere with long range magnetic order and spin fluctuations interfere with collective hybridization in the vicinity of the putative identical QCP.
Absent superconductivity, an analysis of a number of experiments on heavy electron materials at comparatively high temperatures (> 2 K) yields the general phase diagram shown in Fig. 3 , in which heavy electrons begin to emerge at a temperature of the order of T * as a result of collective hybridization of local moments with the background (light) conduction electrons, and behave like a new quantum state of matter, that exhibits HY quantum critical scaling between T * and TQC . Below TQC , although one continues to have coexisting local moments and heavy electrons over much of the phase diagram, the heavy electrons no longer exhibit their KL scaling behavior but potentially display a more dramatic power law divergence because of the proximity of the AF QCP.
Three other important temperature scales are shown there (3): TN , the Néel temperature at which hybridized local moments begin to exhibit long range magnetic order; TL, the temperature at which collective hybridization of the local moments is nearly complete, so that well below it one finds only heavy electrons; and TF L, the temperature at which those heavy electrons begin to exhibit Fermi liquid behavior.
The phenomenological two-fluid model of the behavior of the coexisting KL and hybridized local moments helps one determine their relative importance for physical phenomena at any pressure or temperature in the phase diagram. For example, the spin susceptibility takes the form
where χSL and χKL are the intrinsic susceptibility of the spin liquid (hybridized local moments) and the KL, respectively, and f (T ), the strength of the KL component, takes the form
where f0, the temperature independent intrinsic "hybridization strength", is the pressure dependent control parameter depicted in Figs. 2 and 3. We see that for weakly hybridizing materials, characterized by f0 < 1, heavy electrons coexist with hybridized local moments until one reaches T = 0, with the latter ordering antiferromagnetically at TN . f0 must be unity at the HY QCP at which collective hybridization is complete. For strongly hybridizing (f0 > 1) materials, that coexistence ends along a line of temperatures, TL, at which the hybridization of local moments is essentially complete. Eq. 2 yields the simple expression,
[3]
Below TL, these heavy electrons form a quantum liquid that exhibits anomalous quantum critical behavior between TL and TF L, and Landau Fermi liquid behavior below it. Some additional comments are in order: • Not shown in Fig. 3 is the possible emergence at very low temperatures of a second regime of quantum critical behavior, for which the microscopic theory developed by Abrahams and Wölfle (8) may be valid.
• Around (and slightly above) the HY QCP there will be a region in which some local moments may be present, but these can reasonably be assumed not to influence the quantum critical behavior of the vast majority of heavy electrons (as required by the Abrahams-Wölfle model); we arbitrarily take this upper limit to be ∼5%, in which case the two-fluid model tells us that this region will begin at
• at T ∼ 0 we expect that well to the left of the HY QCP the Fermi surface will be "small" as it consists of those parts of light electron Fermi surface that have not hybridized with the local moments. To the right of this QCP, the Fermi surface should be "large" as local moments are no longer present. We note that it could be possible that one may observe effectively a large Fermi surface in some regions to the left of the HY QCP in which the local moment fraction is too small to preserve the small Fermi surface.
• It is likely that many, if not all, of the lines shown in Fig. 3 do not represent a phase transition, but are indicative of crossover behavior.
• To the extent that one is far from ferromagnetic order, one can neglect the influence of vertex corrections on the static spin susceptibility. Under these circumstances, in both the Kondo liquid and magnetic quantum critical regimes, the uniform magnetic susceptibility χ and the specific heat C depend only on the heavy electron density of states, N (0), and one expects a temperature independent Wilson ratio.
• For nearly all heavy electron materials existing experiments have yet to provide us with an unambiguous signature for TL, the temperature below which the Knight shift once again follows the spin susceptibility, since both now originate only in heavy electrons. Instead one has to rely upon suggestive experimental results such as the crossover in resistivity exponent in CeRhIn5, a maximum in the magnetoresistance in CeCoIn5, a change in the Hall coefficient in YbRh2Si2, and the phenomenological two-fluid expression that relates TL to the intrinsic hybridization strength, f0, Eq. 3 (1, 23).
CeRhIn 5
CeRhIn5 provides an excellent test of our proposed new framework. At zero magnetic field, the QCPs are hidden by superconductivity (2). A de Haas-van Alphen (dHvA) experiment in which a strong magnetic field acts to suppress the superconductivity reveals a jump in the Fermi surface upon crossing 2.4 GPa in the high field state (24) . This establishes the location of its HY QCP. Since this location is close to the AF QCP obtained by extrapolating the pressure dependence of the Néel temperature, CeRhIn5 is likely a Class I material. We now discuss in more detail the phase diagram shown in Fig. 1 :
• Above ∼ 1.5 GPa, the values of T * estimated from the resistivity peak (2), the Knight shift anomaly (4), and the Hall resistivity (3) are in good agreement. At ambient pressure and 1 GPa, the onset of the Knight shift anomaly and the Hall resistivity enable one to determine T * , but the peak in the resistivity does not provide a useful estimate of the onset of heavy electron KL scaling behavior at these or other pressures below 1.5 GPa (22). As we see below, the anomalous behavior of resistivity below 1.5 GPa originates in local moment fluctuations that, however, do not affect the Hall resistivity and the Knight shift. The increase of T * with pressure seen here appears to be a general characteristic of the Ce-based heavy electron materials.
• The upper boundary of the magnetic quantum critical regime, TQC , is determined from the onset of power law scaling of the resistivity (2) and, when the pressure exceeds 1.5 GPa, agrees with the temperature that marks the end of the Kondo liquid scaling at high temperatures (4). Curiously, it displays a pressure dependence that is quite similar to that of T *
; it is roughly given by T * /2 (as discussed below, the range between T * and TQC is much larger in CeCoIn5 allowing us to more precisely identify in that case the KL scaling behavior). Below 1.5 GPa, the power law scaling of the resistivity is seen to begin at temperatures large compared to the end of heavy electron scaling behavior at T * ; indeed at pressures less than 0.3 GPa, it persists into the local moment regime. This finding, together with the quite similar anomalous behavior of the maximium in the resistivity, tells us that these have a common physical origin, and that both likely reflect local moment fluctuations brought about by the AF QCP.
• A third temperature scale, T0, marks the end of AF quantum critical behavior at pressures less than ∼ 2 GPa; it is seen in the resistivity (2), in a pseudo-gap like feature in the spin-lattice relaxation rate, and in peaks in the Hall resistivity measurements (3). These behaviors have a common physical origin in the AF QCP, whose fluctuations are seen in the resistivity measurements, while the "relocalization" of heavy electrons it brings about is clearly visible in the Knight shift anomaly (16) . At ambient pressure relocalization begins at T0 ∼ 2TN , which decreases with increasing pressure, and the anomalous behavior of the Hall resistivity follows a very similar pattern. T0 is also seen in the neutron scattering experiments as the onset of precursor magnetic fluctuations of the long-range AF phase and in the transport measurements as the temperature below which the thermal resistivity and the electrical resistivity deviate from each other (3).
• Another crossover temperature scale, TX , marks the lower boundary of the power law scaling in the resistivity at pressures greater than ∼ 2.7 GPa (2). It increases with increasing pressure and extrapolates to zero at the QCP. The T0 and TX lines are candidates for a quantum critical cone that describes the limits of the quantum critical region originating in the magnetic/hybridization QCP. While TX could mark the delocalization temperature, TL, below which there are no f electron local moments (3), since the two types of quantum critical fluctuations are coupled, TX is likely larger than, but proportional to TL.
• At high pressures, one finds that as one lowers the temperature below TX the resistivity of the heavy electron liquid first exhibits anomalous behavior brought about by scattering against quantum critical fluctuations; however below a crossover temperature, TF L, it exhibits the power law n = 2 behavior expected for a Fermi liquid (2) . Extrapolations of the TF L line to lower pressures suggests it approaches zero at the QCP, yielding a narrow bandwidth and a heavy effective mass for the heavy electrons (24) .
The phase diagram of CeRhIn5 provides a clear illustration of the interplay between the magnetic and hybridization quantum critical fluctuations. What is not shown there is that below 1 K, a slightly different power law scaling is observed at the quantum critical point if one applies a magnetic field large enough to kill the superconductivity (25) . This crossover for the critical exponent may be another indication of the coupling between the magnetic and hybridization QCPs, and is possibly described by the Abrahams-Wölfle model (8) .
Some desirable further experimental investigations of CeRhIn5 include what changes when the two quantum critical points become separated by doping or other means and the measurement of quantum critical scaling in the Knight shift anomaly at low temperatures.
CeCoIn 5
CeCoIn5 is another much studied Class I material in which one can follow the interplay between the magnetic and hybridization quantum critical fluctuations as one reaches a QCP by applying pressure or magnetic field. The experimental results for the phase diagrams showing changes in scaling behavior with pressure and applied magnetic field are shown in Fig. 4 for temperatures far below T * ∼ 60 K (26-28): • At pressures around 1.6 GPa, the critical exponent seen in resistivity measurements near to or below TQC changes from n = 1 to n = 3/2 (27) . Since the latter corresponds to that expected for a 3D SDW QCP (with "disorder"), we see that high pressure appears to tune the system from 2D to 3D. This crossover of the scaling exponent may correspond to the anticipated delocalization line TL, since 1.6 GPa is not far from the QC pressure of 1.1 GPa (23).
• The low-temperature cutoff of the Kondo liquid scaling at ambient pressure seems to be consistent with the onset of resistivity scaling at about 10 − 20 K (TQC , not shown in Fig. 4 ) (21, 27) . However, considering possible changes in the QCP in the field/pressure phase diagram (26), a comparison between the two may not be proper. In order to establish the interplay between two types of quantum criticality, it will be important to have measurements of Kondo liquid scaling (from the NMR Knight shift) and power law scaling (from the magnetic resistivity) over the entire temperature-pressure/magnetic field phase diagram, following the example of measurements on CeRhIn5.
• In Fig. 4B , n = 1 scaling behavior in the resistivity is seen on both sides of the TL line, but its lower boundary, T0, shows a non-monotonic field-dependence (28) . Despite the fact that both sides have the same scaling exponent, it may be argued that the right hand side is governed by itinerant 2D SDW criticality, with an onset temperature that is different for the resistivity and thermal expansion, while the left hand side is governed by the local moment quantum criticality -possibly an unconventional quantum critical scaling owing to the interplay between magnetic and hybridization quantum critical fluctuations.
• This change of character in the quantum critical scaling takes place at the TL line which is seen to pass through the point at which T0 changes slope. It plausibly reflects a change of character of the magnetic quantum criticality due to complete hybridization, as shown in the tentative phase diagram for Class I materials in Fig. 2. • At high temperatures, the interplay between the magnetic and hybridization fluctuations and its variation with field and pressure have not been well studied. It has been shown at ambient pressure that over a broad temperature region the resistivity is dominated by the scattering of light electrons from isolated local moments. As first noted by Nakatsuji et al. (20) , at ambient pressure this scattering explains why, as the temperature is reduced, the resistivity first increases, reaches a maximum at T * , and then falls off as 1 − f (T ) until one reaches a temperature ∼ 0.2T * . Its change in scaling behavior below this temperature reflects the emerging impact of quantum critical fluctuations on local moment behavior. It is quite possible that it is only at pressures greater than the critical pressure of ∼ 1.1 GPa that resistivity measurements begin to tell us about heavy electron behavior at very low temperatures. (26) . In the shaded area, the resistivity shows (n = 1) power law scaling and T0 marks its lower boundary (solid squares) (28) . Not shown here is a tiny region above T F L where n = 3/2 power law scaling is seen in the resistivity (28). The critical field is H QC = 4.1 ± 0.2 T. The slight difference in T0 at zero pressure in A and zero field in B might be due to experimental error in different measurements.
• The anomalous Knight shift has been measured at high magnetic fields and shows Kondo liquid scaling below T * ∼ 60 K down to TQC ∼ 10 K (for field along the c-axis) (21, 29) , behavior that we argue arises from the HY QCP. The NMR spin-lattice relaxation rate also exhibits universal scaling and points to an AF QCP at negative pressure under high magnetic field (30) .
• In the vicinity of the magnetic-field induced QCP, the intrinsic hybridization parameter, f0, has a power law dependence on the magnetic field, thereby establishing the quantum critical nature of the collective hybridization (23).
Discussion and conclusion
Our proposed framework explains the measured scaling behavior of CeMIn5 and provides insight into that seen in a number of other well studied Kondo lattice materials (see supplementary materials). However, further experiments and analysis are required before we are able to establish more generally the materials for which it is applicable and, for those where it does not apply, understand why it does not. Here are a few open questions that could be answered in future experiments:
• The delocalization temperature TL marks the onset of static hybridization (in the mean-field approach). While indirect evidence for its existence has been obtained in a number of ways, its direct determination is crucial for establishing the range of hybridization quantum critical behavior. This could be done by Knight shift experiments that show a return to one component behavior or by direct measurements of a Fermi surface change across the TL line using either dHvA or ARPES at finite temperature.
• In many materials, HY and AF QCPs appear to be almost the same. Our framework may be best verified by tuning their relative locations. In YbRh2Si2, this has been done by replacing Rh with Co or Ir (31) , and it will be interesting to check if these replacements lead to the expected change in the quantum critical scaling. Since the critical exponent for the resistivity is not universal (25) , tuning the relative positions of the two QCPs may tell us if this nonuniversality is related to the interplay or competition between the two types of quantum critical fluctuations. In addition, such tuning measurements will provide information on the regions of applicability of the microscopic scaling theory of Abrahams and Wölfle as the two QCPs are separated.
• While the Knight shift and the resistivity probe quantum critical scaling, direct measurements of the associated quantum critical fluctuations might provide further information. Systematic studies using neutron scattering measurements in the momentum/frequency domain or pump probe technique in the time domain are desirable to establish the existence and interplay of both magnetic and hybridization quantum critical fluctuations.
Theoretically, our proposed scenario may be captured qualitatively by an effective field theory of the Kondo-Heisenberg model. The logarithmic divergence of the Kondo liquid scaling below T * may be ascribed to a marginal Fermi liquid state due to fluctuations of the hybridization field or an emergent gauge field arising from the Kondo-Heisenberg interaction. It might be possible to develop a physical description based on a (quantum) Ginzburg-Landau model in which the order parameter field, φ, the modulus of which corresponds essentially to the hybridization gap, is imagined to fluctuate in space and time, taking on a well-defined value only in the low temperature limit. We suggest that the variance of the order parameter field, suitably coarse-grained, increases gradually with decreasing temperature starting perhaps well above T * and grows towards saturation at temperatures of the order of or below TL. In the range between TL and T * the variance takes on intermediate values in keeping with the existence of regions in space and time which are strongly hybridized, forming the heavy fermion fluid, together with other regions in space and time which are weakly hybridized, forming the localmoment fluid in the two-fluid model. For a more complete understanding of T * , it would be necessary to include not only fluctuations of the hybridization field, but also of the emergent gauge field as discussed above (11, 12) . In this more complete description, T * would be associated with the combined effects of the Kondo hybridization term and the Heisenberg intersite interaction term in the Kondo-Heisenberg Hamiltonian of Kondo lattice systems. This collective hybridization may be expected to lead to values of T * that are quite different from the conventional single-ion Kondo temperature, a prediction supported by a number of detailed studies of Kondo lattice materials (22) . Below TQC , the coupling to the spin fluctuations can lead to strong-coupling behavior in which the singularity exceeds that of the marginal Fermi liquid starting point and eventually in the vicinity of AF QCP, give rise to critical quasi-particle behavior as proposed by Abrahams 
Probes of scaling and fluctuations
We discuss here the experimental probes that have been used to identify the scaling behavior shown in the main text (1).
The NMR Knight shift. While there are a number of candidate experimental signatures of T * (2), and the scaling behavior of the Kondo liquid found below it (3), only one is unambiguous: the Knight shift experiments which show that above T * the Knight shift follows the uniform spin susceptibility (and measures local moment behavior) and that it ceases to do this at T * because a second component, the heavy electron liquid, emerges. As Curro et al. showed (4), below T * one can disentangle the heavy electron component from the local moment contribution to the Knight shift and show that it displays universal scaling behavior as it varies logarithmically with temperature down to a temperature, TQC. Of all the materials that exhibit a Knight shift anomaly that enables one to follow heavy electron behavior directly, the variation of T * with a control parameter (pressure, applied magnetic field, or doping), has been followed in detail in only one material, CeRhIn5, where pressure is the control parameter (5), while experiments on this and other materials show that T * does not change appreciably on applying a magnetic field (6) .
However, there are some materials, such as YbRh2Si2, where a Knight shift determination of T * has not proved possible because no anomaly has been observed in the 29 Si Knight shift (7). This could be due to an accidental cancellation of the hyperfine couplings to the two fluids. Since in CeCoIn5 such a cancellation was found at one of the
115
In sites for field along the CeIn3 plane (8), but was not present at other sites or field orientations, it would seem useful to try other field orientations and nuclear sites in YbRh2Si2.
The Kondo liquid heavy electron universal scaling can be cut off at low temperatures by different physical phenomena. Thus for lightly hybridizing materials, the proximity of magnetic order gives rise to heavy electron relocalization at temperatures of ∼ 2TN (9), while for strongly hybridizing materials, magnetic quantum critical fluctuations may act to halt the heavy electron scaling behavior. The latter suggests that the two types of quantum critical fluctuations are coupled, and that future experiments might disclose characteristic heavy electron scaling behavior brought about by magnetic quantum criticality.
The magnetic resistivity. At temperatures above T * , the magnetic resistivity is a probe of light conduction electron behavior, and in many materials its temperature behavior, a resistivity that increases as the temperature is decreased, is consistent with these being scattered solely by local moment spin fluctuations. As first noted by Nakatsuji et al. (10) it will then exhibit a maximum at T * (often called the coherence temperature) because below T * the emergence of a heavy electron component of strength f (T ), is accompanied by a decrease in strength, 1 − f (T /T * ), of the local moment component. There are, however, many exceptions to this behavior (3): for example, in YbRh2Si2, there is a broad maximum in the resistivity (likely caused by crystal field effects) that makes it difficult to use it to determine T * ; in UBe13, the resistivity peak is at ∼ 2.5 K, far below the coherence temperature T * ∼ 55 K determined from other probes. At temperatures well below T * , the resistivity continues to be dominated by the incoherent scattering of the light conduction electrons, and the emergence of power law scaling (ρ ∼ T n , 0 < n < 2) at TQC is brought about by their scattering by quantum critical fluctuations associated with the AF QCP. The variations in the values of the exponent (e.g., n = 1.6±0.2 in CeIn3 (11), 1.2 ± 0.1 in CePd2Si2 (12), 1.0 in YbRh2Si2 and CeCu6−xAux (13)) suggest the magnetic quantum critical fluctuations possess a variety of physical origins (local moment or itinerant electron AF order, coupled AF and hybridization fluctuations, effects of dimensionality of the magnetic and electronic structure, dimensional crossover, intermediate temperature (non asymptotic) behavior, and more).
At still lower temperatures and slightly above the HY QCP, heavy electron scattering begins to play a role and it seems safe to assume that at T < T * /30, say, the resistivity becomes dominated by heavy electron scattering. A new class of quantum critical fluctuations and a new critical exponent may then emerge when the magnetic quantum critical point is close or coincides with the hybridization quantum critical point, as is the case for YbRh2Si2 and CeCu6−xAux, and a microscopic theory for its behavior has been developed by Abrahams and Wölfle (14) . It is likely that different scaling laws will be seen if the two quantum critical points are separated.
In CeCoIn5, we have also used the maximum in the magneto-resistivity to determine the cross-over line TL. We ascribe it to the effects of density fluctuations associated with possible Fermi surface changes.
The Hall resistivity. The Hall resistivity is typically very complicated. In heavy electron materials, it has been proposed to originate mainly from the incoherent skew scattering of the light conduction electrons by local moments at high temperatures. Below T * , there can be a contribution from the heavy electrons that might be expected to have a complicated temperature dependence. However, in CeMIn5 materials, the incoherent skew scattering appears to be suppressed, with the result that the coherent contribution from the heavy electrons is seen directly and, moreover, exhibits universal scaling behavior, providing an independent experimental verification of the presence of Kondo liquid scaling (3) . This Hall scaling is also cut off at low temperatures. Since the resistivity can be sensitive to the magnetic quantum critical fluctuations, it is possible that future experiments on the Hall resistivity may disclose new scaling behavior at low temperatures.
The NMR spin-lattice relaxation rate. Although the NMR spin-lattice relaxation rate, 1/T1, contains distinct local moment and heavy electron contributions that are not always straightforward to disentangle, Yang et al. (15) have found that for a number of materials (CeCoIn5, CeRhIn5, PuCoGa5, and URu2Si2), both contributions are so weakly temperature dependent over a considerable range of temperatures, that the observed temperature dependence of 1/T1 reflects only that associated with f (T ), the strength of the emerging heavy electron component. These results provide another independent measure of their hybridization scaling behavior.
In both CeCoIn5 and CeRhIn5 it has proved possible to use the two-fluid model plus reasonable physical assumptions about the intrinsic local moment contribution to isolate the intrinsic heavy electron contribution, and show that its weak temperature dependence is given by T1KLT ∼ (T + T0), where T0 marks the distance from the magnetic quantum critical point and should not be confused with T0 defined in the paper (3, 16) . Since this is of the form expected for heavy electron quantum critical magnetic fluctuations, the result confirms their presence and provides valuable information about the location of the AF QCP for the magnetic fields at which the experiments were carried out.
We note that other probes also provide useful information on heavy electron behavior. For example, point contact spectroscopy provides direct evidence for the emergence of Fano interference between light and heavy electrons at T * (17, 18), while optical experiments probe the hybridization gap directly (19) and can, in principle, provide more detailed information on changes in hybridization around TQC.
Applications to other materials
Here we discuss the ways in which the framework presented here provides further insight into the behavior of a number of other materials that have been intensively discussed in the literature.
YbRh2Si2. In Yb-based materials, in contrast to the Ce-based materials, intrinsic hybridization decreases with increasing pressure; the TL line therefore has a negative slope in the (p, T ) plane. When the magnetic order of YbRh2Si2 is suppressed by applying a small magnetic field, a detailed analysis of its low temperature behavior shows an HY QCP that coincides with its AF QCP, establishing it as a Class I material (6, 20) .
• Angle-resolved photoemission spectroscopy (ARPES) experiments (21) have established that for this material, T * ∼ 50 K, a result that cannot be confirmed by the presence of a Knight shift anomaly, because in all likelihood, like CeCoIn5 in a planar magnetic field (22) , there is an accidental cancellation of the hyperfine couplings (7).
• The behavior of YbRh2Si2 between 50 K and 10 K is complex because its single-ion Kondo temperature is ∼ 20 K (3); while some have argued that this is the coherence temperature, the ARPES experiment cited above shows it is not.
• Below 10 K a two-fluid analysis of field-induced and pressure-induced changes in magnetostriction, resistivity, Hall measurements, Knight shift, spin-lattice relaxation rate, enabled the authors to establish the presence of power law scaling in the intrinsic hybridization strength, f0, that is produced by the AF quantum critical fluctuations (6) . Importantly, it is proved possible to show that the field-dependent Kondo liquid spin-lattice relaxation rate displays behavior that is analogous to that seen in the pressure-dependent Kondo liquid rate for CeCoIn5 (22) , namely T1KLT ∼ T + T0(H), where T0(H) measures the distance from the QCP.
• Between 10 K and 0.3 K the resistivity exhibits QC scaling power law behavior with n = 1 (20) .
• Below 0.3 K its overall scaling behavior is very well described by the theory of Abrahams and Wölfle based on the premise that it arises from an AF QCP (14) .
We also note that Friedemann et al. has shown that replacing Rh in YbRh2Si2 by Co or Ir changes it into a Class II or Class III material (23) .
YbAlB4. For this material there is considerable evidence of a QCP at ambient pressure (24); we propose this is an HY QCP that marks the end of local moment behavior. The negative slope of the TL line in the (p, T ) plane then tells us that at finite pressures one will find a mix of local moment and itinerant heavy electrons; it is therefore plausible that the AF order seen at increased pressure represents local moment antiferromagnetism (25) .
URu2Si2. Both Knight shift and spin-lattice relaxation rate measurements provide unambiguous evidence for HYQC scaling behavior in URu2Si2. Knight shift experiments reveal anomalous behavior that begins at T * ∼ 55 K and displays HYQC scaling down to the hidden order temperature, THO = 17.5 K (9). This behavior is confirmed by measurements of the spinlattice relaxation rate that shows it scales with f (T ) over this same region (15) . A two fluid analysis of the static susceptibility suggests that URu2Si2 is a strongly hybridizing material with f0 ∼ 1.6, in which case TL is close to THO, and hidden order is a phase of the fully hybridized heavy electron liquid (16) . At very high magnetic fields a proposed phase diagram (26) shows hidden order being suppressed at ∼ 35 T where it is replaced by SDW-type long-range magnetic order (27) . The magneto-resistivity is maximum along a line that ends at ∼ 37 ± 1 T (28); if we interpret this as TL, as earlier experiments on CeCoIn5 had suggested, then there is an HY QCP at ∼ 37 ± 1 T and f0 must decrease with increasing magnetic field.
CeCu2Si2. CeCu2Si2 is a Class II material in which intrinsic hybridization is so strong that the localization QCP is widely separated from AF QCP and lies at substantive negative pressure (29) , which implies that over much of the phase diagram one is dealing with only heavy electrons and the AF behavior must be itinerant. In a magnetic field strong enough to suppress superconductivity, its behavior is that expected for an itinerant 3D SDW QCP (30) . It has a Knight shift anomaly that begins at T * ∼ 75 ± 10 K and the emergent heavy electron liquid displays Kondo liquid scaling between T * and 20 K (3, 4) , where the resistivity shows a peak (31) . We attribute the latter to the loss in local moment spin fluctuations expected if TL = 20 K; we note that such large value for TL is not surprising since the HY QCP lies within the AF phase. The nuclear quadrupole resonance (NQR) spin-lattice relaxation rate is temperature independent between T * and ∼ 8 K, a result that requires that both T1KL and T1SL be temperature independent and very nearly the same (15); if TL ∼ 20 K, then below 20 K one is seeing only the KL contribution, which continues to display the T -independent scaling behavior expected for AF QC spin fluctuations down to 8 K at which point the AF ordered state spin fluctuations seen in neutron scattering change its behavior.
On the nature of the Kondo liquid state on the border of a magnetic transition
Our aim is to search for a microscopic understanding of the Pines-Yang two-fluid model of a system of conduction electrons interacting with localized f moments as described by the Kondo-Heisenberg Hamiltonian (1, 19) .
Here we focus attention on the evolution with temperature of the Kondo liquid state at the quantum critical point separating the magnetic and non-magnetic state as a function of a tuning parameter such as pressure. Below the coherence temperature T * , the coupling of the conduction electrons and f electrons leads to the beginning of on-site hybridization and inter-site spin correlations described, respectively, by the Kondo and Heisenberg terms of the Hamiltonian.
Studies that indicate that T * is related to the Heisenberg interaction parameter, JH , together with optical conductivity and other measurements of the electronic structure, suggest that both inter-site f electron spin correlations and conduction electron-f electron hybridization develop below T * , at least in systems of primary interest that are on the border of AF QCPs (2) .
The degree of hybridization fluctuates in space and time and may be described by a quantum field of the form φ = c + f , where c and f correspond, respectively, to the conduction electron and f electron field operators with the same site and spin index. The fluctuations in φ lead to time-varying regions that may be described as essentially hybridized and hence characterized by heavy quasiparticle bands, and other regions in which hybridization is relatively ineffective and hence characterized by local f electron moments and conduction electron bands. This gives rise to the idea of two coexisting fluids consisting of heavy quasiparticles on the one hand and local moments (together with conduction electrons) on the other. The Pines-Yang two-fluid model describes the Kondo liquid state below T * near the quantum critical point in terms of temperature-dependent volume fractions and thermodynamic and transport properties for the two fluids. The local moment fluid is dominant near to T * , while the quasiparticle fluid is dominant in the low temperature limit. The chief characteristic of the heavy quasiparticle fluid is a marginal Fermi liquid T ln(T * /T ) heat capacity, C, and T -linear electrical resistivity, ρ, extending down to a cross-over "quantum critical" temperature TQC below T * . Typically well below TQC the departure from Fermi liquid behavior is still more dramatic and in the Abrahams-Wölfle model for YbRh2Si2 (14) the heat capacity and electrical resistivities both vary as T more singular than that of the marginal Fermi liquid state. This can be understood in a unified way in terms of the effects of quasiparticle-quasiparticle interactions in the hybridized state. In the simplest case these interactions may be represented in terms of the exchange of spontaneous spin fluctuations. Additional analogous contributions can also arise from fluctuations of the hybridization field φ as well as the "bond" field χ = f + i fj, where fi and fj correspond to f electron field operators at nearest neighbor sites with the same spin index. The above non-Fermi liquid behavior can be understood intuitively in terms of a phenomenological model analogous to that of electrons interacting with phonons, but with phonons replaced by dissipative spin fluctuations characterized by a wavevector and frequency dependent magnetic susceptibility of the RPA form as employed, for example, in the spin-fermion model.
In the weak coupling limit, this form of the generalized susceptibility leads to a relaxation spectrum of magnetic fluctuations of the form Γq ∼ q z where the dynamical exponent, z, is equal to 2 or 3 for antiferromagnetic and ferromagnetic critical fluctuations, respectively. This leads directly to the marginal Fermi liquid model behavior on the border of ferromagnetism in 3D and antiferromagnetism in 2D, provided in the latter case that "impurities" lead to a suppression of Fermi surface anisotropy induced by spin fluctuation scattering at the antiferromagnetic ordering wavevector.
The growth in the mass of the quasiparticles with decreasing temperature (as measured by the growth of C/T with decreasing T ) can, at sufficiently low temperatures, lead to a strong modification of the spin fluctuation spectrum due to feedback from the strong renormalization of the quasiparticle spectrum, an effect omitted in the weak coupling approximation.
In the strong coupling description, the parameters in the wavevector and frequency dependent susceptibility acquire renormalization factors tracking the frequency dependence quasiparticle mass, leading to a modification of the dynamical exponent z. A self-consistent solution of the renormalization of both the quasiparticle and the spin fluctuation spectra leads, on the border of antiferromagnetism in 3D, to a non-Fermi liquid state that, as described above in the Abrahams-Wölfle model (14) , has a more singular mass renormalization than that of the marginal Fermi liquid state.
The above findings can be interpreted in a minimal way as follows. We begin with the weak-coupling RPA susceptibility of the form
where αqω is the starting non-interacting susceptibility (or Lindhard function) for wavevector q and frequency ω, α is the starting density of states at the Fermi level, k0 and ν0 are of the order of the Fermi wavevector and starting Fermi velocity, respectively, Q is the ordering wavevector and λ is the coupling constant. In this case when Q is non zero the dynamical exponent at the quantum critical point defined by λα → 1 is z = 2 and the thermal population of spin fluctuations is expected to be of order (qT ) , which plausibly has a marginal Fermi liquid (logarithmic) form when the exponent (z − d)/z tends to zero. This may be confirmed for the case of a 2D antiferromagnetic quantum critical point in the presence of impurity scattering as stated above. In the case of critical fluctuations where Q → 0, the above form for χqω yields z = 3 and marginal Fermi liquid behavior may be expected to arise in 3D. This is relevant to ferromagnetic as well as φ or χ field critical fluctuations that may also be important in the Kondo liquid state.
In a strong-coupling description we expect ν0 and 1/α to be scaled by the inverse mass renormalization factor, Z, assumed to be isotropic. This does not apply, however, to the (q −Q) . Thus the quasiparticle mass divergence with decreasing T , as measured by C/T ∼ 1/Z, is expected to be more singular than that of the marginal Fermi liquid as stated above.
A remarkable finding that is important for the self-consistency of the Abrahams-Wölfle model, is that although the thermodynamic and transport properties depart strongly from those of a Fermi liquid and the overlap between a quasiparticle state and a single electron state vanishes (Z → 0 on the Fermi surface), a description in terms of well-defined heavy quasiparticles survives even in the strong coupling regime. Also, importantly, the Fermi surface associated with these exotic quasiparticles is that corresponding to the hybridized bands and hence encloses a volume satisfying Luttinger's theorem including both conduction and f electron contributions.
A unified description that may be appropriate for nearly antiferromagnetic metals such as the tetragonal YbRh2Si2 and the Ce115 compounds that have strongly anisotropic, quasi-2D, spin fluctuation spectra may be as follows. At elevated temperatures where T exceeds the bandwidth of spin fluctuations along the c-axis, a quasi-two dimensional description may be appropriate. This (along with any 3D ferromagnetic, φ or χ field critical fluctuations present) leads to a marginal Fermi liquid description as indicated above. At sufficiently low temperatures where T falls below the bandwidth of spin fluctuations along the c-axis, the spin fluctuations are effectively described by a 3D model and, provided that the mass renormalization becomes sufficiently high to lead to strong coupling behavior (T ≪ TQC), the thermal and transport properties becomes more singular than expected for the marginal Fermi liquid state. In particular the quasiparticle mass is characterized by a 1/T 1/4 rather than a marginal Fermi liquid ln(T * /T ) divergence in the low T limit. This microscopic description of the Kondo liquid state based on the Abrahams-Wölfle model (14) is broadly consistent with the Pines-Yang two-fluid phenomenology (16) and appears to be at least qualitatively consistent with observations in the above classes of Kondo systems.
